Introduction.
Let A be a topological space, F be a metrizable space, and C be the collection of continuous functions on X into Y. We shall be interested in two topologies on C.
The compact-open or k-topology. Given compact subset K of X and open subset W of F, denote by (K, W) the collection of functions fEC such that fiK)E W. Then for any two elements / and g of C, define
It is easily verified that d* is a metric function, and hence determines a topology on C. This topology is called the topology of uniform convergence with respect to d, or ¿"'-topology [3] . Arens [l] and Fox [2] have shown that the ¿-topology has certain properties which particularly adapt it to the study of various topological problems, particularly those concerned with homotopy theory. But in case Y is metrizable, so that the ¿"'-topology can be defined, it is obviously easier to deal with than the ¿-topology. Hence it is of interest to inquire when the two topologies are equivalent.
It is easily shown that if Y is metrizable and X is compact, then the ¿"'-topology on Cis equivalent to the ¿-topology (see, for instance, [3] ). On the other hand, a theorem of Fox [2] implies that if A is a separable metric space which is not locally compact and Y is the real line, then the two topologies are inequivalent.
Hu [3] gives an example due to Liang Ma wherein A is a countable discrete space, and the two topologies are inequivalent. We shall answer in a fairly general way the question of the relationship between these topologies.
Let Y be metrizable. We shall show in §2, without further restric-comparison of topologies on FUNCTION SPACES tion on X or Y, that the ¿*-topology is weaker than the ¿-topology (that is, every set open under the ¿-topology is also open under the d*-topology).
As remarked above, the compactness of X is a sufficient condition for the equivalence of the two topologies. We shall show in §3 that if X is completely regular and Y contains a nondegenerate arc, then the compactness of X is also a necessary condition for the equivalence of the a**-topology and the ¿-topology. 3. Theorem. Let X be a completely regular space, and let Y be a metrizable space containing a nondegenerale arc. Then a necessary condition that the d*-topology and the k-topology be equivalent is that X be compact.
Let <p: I->Y define a nondegenerate arc, where / denotes the closed unit interval. Pick hEI so yi =<b(ti) is different from y0 =<£(0). Choose e>0 so d(yB, yi)^e. Define/ as the function of C which is constantly equal to y0.
Suppose the two topologies are equivalent. If instead of requiring Y to be metrizable, we insist only that it be a uniform space, a topology of uniform convergence can be defined on C. In this case the compactness of A" is a sufficient condition for the equivalence of the topology of uniform convergence and the ¿-topology, the obvious analogue of Theorem 2 holds without further restriction, and the analogue of Theorem 3 holds if we require that Y have a separated uniform structure. The proofs are not essentially different from those above, but are somewhat longer.
